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Abstract
Let n 5 be an integer. We provide an effective method for finding all elliptic curves in short Weierstrass
form E/Q with j (E) ∈ {0,1728} and all P ∈ E(Q) such that the nth term in the elliptic divisibility sequence
defined by P over E fails to have a primitive divisor. In particular, we improve recent results of Everest,
Mclaren, and Ward on the Zsigmondy bounds of elliptic divisibility sequences associated with congruent
number curves.
© 2006 Elsevier Inc. All rights reserved.
0. Introduction
It was demonstrated by Zsigmondy [11] that every term in the sequence
1,3,7,15,31,63,127, . . . ,2n − 1, . . .
other than the first and sixth has a prime divisor which divides no previous term in the sequence.
It is natural to ask whether or not one might prove similar results for other divisibility sequences,
that is, sequences of integers C = (Cn)n1 such that Cn | Cm whenever n | m. If C is such a
sequence, we will say that the term Cn has a primitive divisor if there is a prime p | Cn such that
p  Cm for each m < n, and we will define the Zsigmondy bound of the sequence by
Z(C) = sup{m: Cm has no primitive divisor}.
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Cn = an−bn, then Z(C) 6. More recently, Bilu, Hanrot, and Voutier [1] proved the remarkable
result that Z(C) 30 whenever C is a sequence of Lucas or Lehmer numbers. We will present
similar results for certain classes of elliptic divisibility sequences.
Let E/Q be an elliptic curve and P ∈ E(Q) be a point of infinite order. Then the elliptic
divisibility sequence defined by E and P is the sequence of integers B(E,P ) = (Bn)n1 defined
by writing
x(nP ) = An
Bn
,
in lowest terms (taking, without loss of generality, Bn > 0).
It is a result of Silverman, [9], that Z(B(E,P )) is always finite, but the proof relies on Siegel’s
theorem and is, as such, ineffective. Indeed, if one allows non-minimal models of elliptic curves,
Z(B(E,P )) can be made arbitrarily large in the same way that one constructs elliptic curves
with arbitrarily many integer points. Everest, Mclaren, and Ward [5], however, manage to bound
Z(B(E,P )) in some cases. In particular, for divisibility sequences associated with the congruent
number curves
EN : y
2 = x3 − N2x,
it is shown [5, Theorem 2.2] that if Bn has no primitive divisor and n is even, then n  10,
while under certain additional restrictions on P , n  21 independent of parity. These bounds
are, of course, independent of N , and one might plausibly conjecture that there is a uniform
Zsigmondy bound for all such sequences. It is worth noting that the study of primitive divisors
in elliptic divisibility sequences has recently been shown to have a bearing on Hilbert’s 10th
Problem [3].
By considering certain Thue equations arising from the division polynomials of the elliptic
curves in question, we show how to find all examples of elliptic divisibility sequences arising
from congruent number curves in which the nth term fails to have a primitive divisor, for any
fixed n. In particular, we may sharpen the bounds on Z(B(E,P )) obtained in [5].
Theorem 1. Let N be square free, and let P be a point of infinite order on the congruent num-
ber curve EN . If Bn(EN,P ) has no primitive divisor, then 5  n, and n is odd unless n = 2.
Furthermore, if
(1) x(P ) < 0, or
(2) {x(P ), x(P ) + N,x(P ) − N} contains a rational square,
then n 2.
Note that the second condition is satisfied if (but not only if) the point P is the image of a
point on the curve y2 = x3 + 4N2x by the rational 2-isogeny on this curve (and, in particular
then, if P ∈ 2EN(Q)). To see the limitations of this result, one needs to look no further than the
point (12,36) on the curve E6, which fails to meet either of the conditions in the theorem.
The above result relies on the following theorem:
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Bn(EN,P ) does not have a primitive divisor, we have
(1) n 10 if n is even,
(2) n 3 if n is odd and x(P ) < 0,
(3) n 21 is n is odd and x(P ) is a (rational) square.
Although it is mentioned in [5] that Z(B(EN,P )) may be bounded when either x(P )−N or
x(P ) + N is a rational square, explicit bounds are not computed, and the argument in the case
where x(P ) is a square is somewhat ad hoc. The author, in his thesis [6], proved the following
lemma, by noting that points P satisfying the hypotheses may be written as P = 2Q for a point
Q ∈ EN(Q¯) with x(Q) quadratic over Q. A careful examination of the doubling map over the
pertinent fields, similar in spirit to the study of doubling over the rationals presented in [5], allows
one to conclude:
Lemma 2. Let P ∈ EN(Q) be a non-torsion point such that x(P ), x(P ) + N , or x(P ) − N is a
rational square. Then if Bn(EN,P ) has no primitive divisor, and n is odd, we have n 9.
The additional claim in Theorem 1, that B5m has a primitive divisor for all m, is proved using
techniques similar to these, but exploiting the 5-isogeny on curves with j = 1728. In any case
where such an isogeny exists, similar results may be derived. We produce Theorem 1 by lowering
the bounds in the result of Everest–Mclaren–Ward and Lemma 2 using a more general result.
Theorem 3. Let S be a finite set of primes. Then there is a finite, effectively computable set
E(S) such that the following holds: Let E/Q be a minimal model of an elliptic curve in short
Weierstrass form with j (E) ∈ {0,1728}, let P ∈ E(Q) be a point of infinite order, and suppose
(E,P ) /∈ E(S). Then for any n 5 divisible only by primes in S, Bn = Bn(E,P ) has a primitive
divisor.
Theorem 3 is proven by reducing the question to the solution of an explicit list of Thue equa-
tions. These equations may then be effectively solved by the usual means. Note that this is not
dissimilar to the techniques used by Bilu–Hanrot–Voutier [1] in the Lucas–Lehmer case.
One finds, in the literature, a dearth of examples of elliptic divisibility sequences in which
terms beyond the first fail to have primitive divisors. To provide the reader with some reason to
believe that these exist, we display two families of examples. First, apropos of Theorem 1, note
the points
P =
(
T (T 3 − 16T )
4
,
(T 3 − 16T )2
8
)
,
2P =
(
(T 2 + 16)2
16
,
(T 2 + 16)(T 2 + 8T − 16)(T 2 − 8T − 16)
64
)
on the curve y2 = x3 − (T 3 − 16T )2x. As (T 3 − 16T ) is square free infinitely often (see
Mirsky [7]), this provides infinitely many examples witnessing the sharpness of Theorem 1. In
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with Z(B(E,P )) 3 by considering the equation
3(0, T ) = (8T 2(8T 4 + 1), T (512T 8 + 96T 4 + 3))
on the curve y2 = x3 + x + T 2. Notice, though, that none of these curves have j -invariant 0 or
1728 (for T > 0). Similarly, the examples on the website of Noam Elkies [4] of points on elliptic
curves with low canonical height also yield examples of elliptic divisibility sequences with a
large Zsigmondy bound. Taking an example from this site, if
E: y2 + xy + y = x3 + x2 − 125 615x + 61 201 397
and P = (7107,−602 054), then Z(B(E,P )) 39. This is, so far as we know, the record.
1. Curves of the form y2 = x3 + B
The proof of Theorem 3 is broken down into the two obvious cases. Although the general
technique is the same for all curves under consideration, the details differ slightly.
We will compute, for fixed square free n  5, all (sixth-power free) B and rational points
of infinite order P on E: y2 = x3 + B such that Bn(E,P ) has no primitive divisor. Note that,
for arbitrary n, if Bn(EN,P ) has no primitive divisor, then neither does Br(EN, nr P ), where
r = rad(n). In each example below there turn out to be no such examples, and so it suffices to
show this for n square free (except in the cases where rad(n) 4, which we discuss below). In
general, for fixed N and n, [5] bounds hˆ(P ) such that Bn(EN,P ) has no primitive divisor. Thus,
once we have found all cases wherein Brad(n)(EN,P ) has no primitive divisor, it is a simple
search to find any points of which a given P is a multiple (this requires a lower bound on the
canonical heights of rational points on a given curve, which is known for curves of these forms).
We must also consider the case where n is a power of two or three. By the same argument
as above, it suffices to show that B9 is divisible by some prime not dividing B3 and that B8 is
divisible by some prime not dividing B4. These proofs follow the exact same schema as those
below. Indeed, when j (E) = 1728 we may show that B4 always has a primitive divisor, and
when E is a congruent number curve, that B3 does as well.
For arbitrary n, we define the polynomials ψm, φm, and ωm ∈ Z[x, y,B] as in [8] by
ψ1 = 1, ψ2 = 2y,
ψ3 = 3x4 + 12Bx,
ψ4 = 4y
(
x6 + 20Bx3 − 8B2),
ψ2m+1 = ψm+2ψ3m − ψm−1ψ3m+1,
2yψ2m = ψm
(
ψm+2ψ2m−1 − ψm−2ψ2m+1
)
,
φm = xψ2m − ψm+1ψm−1,
4yωm = ψm+2ψ2m−1 − ψm−2ψ2m+1,
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(
φm
ψ2m
,
ωm
ψ3m
)
.
Note, in fact, that under the relation y2 = x3 + B , ψm ∈ Z[x,B] for m odd and ψm ∈ yZ[x,B]
for m even. Note also, either by induction or the relation
ψ2m = m2
∏
P∈E[m]
(
x − x(P ))
that for m odd (respectively even), ψm (respectively ψm/y) is a binary form in x3 and B of degree
1
6 (m
2 − 1) (respectively 16 (m2 − 4)), and we will refer to them as such. Indeed, ψ2m can always
be written as a binary form in x3 and B (of degree 16 (m2 − 1)), and we will abuse notation
by denoting this ψ2m(x3,B). Finally, note that, again by the above relation, the least common
multiple of the ψm/l , as l | m ranges over primes, divides ψm. In light of this, we will define
Ψm
(
x3,B
)= ψm(lcml|m, l =mψm/l)−1,
making Ψm a binary form in x3 and B with integer coefficients (independent of B).
Lemma 4. Let n 5 be square free, and suppose that Bn(E,P ) has no primitive divisor. Then if
x(P ) = a/b2, and X = a3/(a3,B), Y = Bb6/(a3,B), we have
Ψn(X,Y ) = ±2α3β
∏
l|n
lε(l),
where α  8d , β  15d/2, and ε(l) 6d + 1, d = 16n2(n2 − 1).
Note that, under the conditions that B be sixth-power free, (a, b) = 1, and a3 + Bb6 = c2 for
some c ∈ Z, we may recover a unique pair a/b2, B from each solution X,Y to the above. Thus
the above lemma injects the examples of sequences in which the nth term fails to have a primitive
divisor into the set of solutions to a family of Thue equations, finite as deg(Ψn) 3 for n 5.
Note also that solutions wherein XY = 0 may be ignored. Clearly, B = 0 yields a singular
curve, while X = 0 gives rise to P a point of order three on y2 = x3 + B .
Proof of Lemma 4. We will make use of the following observations, which may be proven via
a straightforward induction.
Claim (For n 5 square free).
(1) The resultant of φn and ψ2n in Z[B] is (432B2)d , where d = 16n2(n2 − 1).
(2) Ψn(1,−1) = ±3(n2−1)/4 for n odd, ±3(n2−4)/4n for n even.
(3) If n is prime then Ψn(1,0) = n. Otherwise, Ψn(1,0) = 1.
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x(nP ) = φn
ψ2n
= b
2n2φn
b2n2ψ2n
.
Note that the numerator and denominator of the last term are both integers, and so Bng2 =
b2ψ2n(a
3,Bb6), where g2 is the greatest common divisor of the aforementioned numerator and
denominator (necessarily a square). Note that, by the claim, g divides (432B2)d/2. Thus, primes
dividing Ψn(a3,Bb6) must also divide 6Bb. Our aim is to show that, in fact, the only primes
dividing Ψn(a3,Bb6) are 2, 3, and the divisors of n, and that each may occur only to certain
powers.
Let l  6n be a prime. Note that, if l | b, then l  a, and so
l  Ψn
(
a3,Bb6
)≡ n∗a3 deg(Ψn) (mod l),
where
n∗ =
{
n if n is prime,
1 otherwise.
Thus, if l | Ψn(a3,Bb6), we have l | B and l  b. If ordl(a3) = ordl (B), then l  Ψn(X,Y ), where
X = a3/(a3,B), Y = Bb6/(a3,B) as above (because precisely one of X and Y is divisible by l).
But suppose that ordl (a3) = ordl (B). As B is sixth-power free (and, by hypothesis, ordl(B) > 0),
this means that ordl (a3) = ordl(B) = 3. But ordl(a3 +Bb6) is even, and so X ≡ −Y ≡ 0 (mod l).
It follows that
Ψn(X,Y ) ≡ Xdeg(Ψn)Ψn(1,−1) (mod l).
By the claim, the right-hand side of the above is not divisible by l. We have, now, that the only
primes possibly dividing Ψp(X,Y ) are 2, 3, and those dividing n. It remains to consider the
power to which they might occur. For this we need the following technical tool:
Claim. Let E¯: y2 = x3 + A¯x + B¯ be an elliptic curve, P¯ ∈ E¯(Q), and fix a square free integer
k. If we write x(P ) = a
b2
and x(kP ) = c
d2
, then for any prime l | b,
ordl(d) = ordl(b) + ordl(k).
Proof of the claim. A slightly more general claim appears in [5], attributed to [8], but given the
obscurity of the result within the latter, we will provide a straightforward proof here. Suppose
first that k is odd. As above, we have
c
d2
= φk(a/b
2)
ψ2k (a/b
2)
= b
2k2φk(a/b2)
b2k2ψ2k (a/b
2)
,
where
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2
φk
(
a/b2
)= ak2 + · · · ,
bk
2−1ψk
(
a/b2
)= ka(k2−1)/2 + · · · ,
are binary forms in a and b2. In particular, if l | b, then
bk
2−1ψk
(
a/b2
)≡ ka(k2−1)/2 (mod l2),
while
b2k
2
φk
(
a/b2
)≡ ak2 ≡ 0 (mod l).
Thus
ordl (d) = ordl
(
bk
2−1ψk
(
a/b2
))= ordl(b) + ordl(k).
It now suffices to prove the result in the case k = 2, which follows from the equation
c
d2
= a
4 − 2A¯a2b4 − 8B¯ab6 + A¯2b8
4b2(a3 + A¯ab4 + B¯b6)
by a similar argument. 
By the claim, we have that
Ψn
(
a6,Bb6
) ∣∣ (432B2)d/2n, (1)
where d = 16n2(n2 − 1) as above. If l | B is a prime (at least five) not dividing n, the argument
above shows that l  Ψn(X,Y ). As B is sixth-power free, then, its contribution in (1) divides
(6n)6, yielding
Ψn(X,Y ) | 28d315d/2n6d+1,
as required. 
In fact, we may do much better than the above rough estimate in special cases. Note that the
above argument, in the case where n is odd and hence Ψn(1,−1) is a power of three, in fact
shows that primes l > 5 may divide Ψn(X,Y ) to at most the first power. A more careful analysis
also shows exactly which powers of 2 and 3 may occur in values of Ψn(X,Y ), which we see
below simplifies the computations in some cases.
To give some examples of these techniques in practice, we may find the solutions to some of
these Thue equations either by elementary means (if the form in the equation factors), or using the
thue function in GP-Pari [10]. Note that the thueinit function in GP presents one with two
options: to compute the field data necessary to solve the Thue equations unconditionally, or to
do so under the additional assumption that the Generalised Riemann Hypothesis holds (the latter
computation being much faster). The computations in this paper were all done unconditionally,
but if one is willing to take on the (rather substantial) additional hypothesis, several other cases
may be treated.
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has no primitive divisor, α > 0.
Proof. One notes that, for n = 5α , such an example must come from a solution to
Ψ5(X,Y ) = 5X4 + 326X3Y − 708X2Y 2 − 2616XY 3 − 256Y 4 = ±2α3β5ε,
with α, β , and ε bounded. Indeed, a careful examination of this form shows that α ∈ {0,6,8}
while a comparison of ψ5 and φ5 show that not both may be divisible by 3 (and so β = 0). By
the remarks above, ε ∈ {0,1}. At this point we may take the remaining equations to Pari and see
that none admits (non-trivial) solution.
For n = 7α , such a sequence must come from a solution to Ψ7(X,Y ) = ±2α3β7ε . This, fac-
toring Ψ7, yields a simultaneous solution to
X6 + 564X5Y − 5808X4Y 2 − 123 136X3Y 3 − 189 696X2Y 4 − 49 152XY 5 + 4096Y 6
= ±2α13β1 7ε1
and
7X2 − 4XY + 16Y 2 = ±2α23β27ε2
where, after some consideration of these forms modulo 2 and 3, α1 ∈ {0,6,12}, β1 ∈ {0,6}, α2 ∈
{0,2,4}, β2 ∈ {0,2,3}, and ε1 + ε2  1. Solving these systems of equations is a straightforward,
if somewhat tedious, exercise, yielding only the trivial solutions. 
2. Curves of the form y2 = x3 + Ax
The proofs here are very similar. The division polynomials, defined by the same recursion as
above with
ψ3 = 3x4 + 6Ax2 − A2,
ψ4 = 4y
(
x6 + 5Ax4 − 5A2x2 − A3),
are now, after squaring, forms in x2 and A. Note, also, that in this case Ψ4(X,Y ) has degree 3,
and so we may reduce the hypothesis of the theorem to n 4 (if we restrict ourselves to curves
with j = 1728).
Claim (For n square free).
(1) For all m, the resultant of φm and ψ2m in Z[A] is (4A)d(n), where d = 12n2(n2 − 1).
(2) Ψn(1,−1) = ±2deg(Ψn) for n odd and ±2deg(Ψn)−1n for n even.
(3) If n is prime then Ψn(1,0) = n. Otherwise, Ψn(1,0) = 1.
P. Ingram / Journal of Number Theory 123 (2007) 473–486 481Lemma 5. Let n 5 be square free, and suppose that Bn(E,P ) has no primitive divisor. Then if
x(P ) = a/b2, and X = a2/(a2,A), Y = Ab4/(a2,A), we have
Ψn(X,Y ) = ±2α
∏
l|n
lε(l),
where α  3d and ε(l) 2d + 1, d = 14n2(n2 − 1).
Proof. Follows from the claim above in an identical manner. 
Example. There are no sequences B(E,P ), j (E) = 1728, in which the pk th term has no primi-
tive divisor, where k  1 and p ∈ {5,7,13,17}.
Note that solutions (X,Y ) to the Thue equations for which XY = 0 or X = −Y correspond to
torsion points or singular curves, and so may be disregarded. Also note that, as above, it suffices
to consider the cases wherein k = 1.
For p = 5, we see that such a sequence would correspond to a solution to
Ψ5(X,Y ) =
(
Y 2 + 2YX + 5X2)(Y 4 − 52Y 3X − 26X2Y 2 + 12X3Y + X4)= ±2α5ε
for ε ∈ {0,1} and α ∈ {0,6,9}. Noting that
Y 2 + 2YX + 5X2 = (Y + X)2 + (2X)2 min{(Y + X)2, (2X)2},
one might conduct a simple search for non-trivial solutions. There are none.
In the case p = 7, a careful analysis shows that we are in fact solving
Ψ7(X,Y ) = ±2α7ε,
where ε ∈ {0,1} and α ∈ {0,12,18}. Solving this in Pari yields no non-trivial solutions.
For n = 13, we see that
Ψ13(X,Y ) = ±2α13ε
for α ∈ {0,42,63} and ε ∈ {0,1}, which in turn yields (by factoring Ψ13) a simultaneous solution
to
−26X5Y + 39Y 2X4 + 228X3Y 3 + 235Y 4X2 + 22Y 5X + 13X6 + Y 6 = ±2α113ε1
and
F(X,Y ) = ±2α213ε2
for a form F of degree 36, where α1 ∈ {0,6,9}, α2 ∈ {0,36,54}, and ε1 + ε2  1. Solving the
various systems of equations requires only basic algebra and yields no non-trivial solutions.
The polynomial Ψ17(X,Y ) factors as well and, again, we see that there are no solutions (be-
yond the trivial ones).
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We return to the special case of curves of the form
En: y
2 = x3 − N2x,
with N square free, the congruent number curves. This is, of course, a special case of the ma-
terial presented in Section 2. Lemmas 7, 2, and the following computation, based on Lemma 5,
complete the proof of Theorem 1.
Lemma 6. Let N be square free, P ∈ EN(Q) be a point of infinite order, and
n ∈ {2α,2β3γ ,2β5γ ,2β7γ ,3β5γ ,13γ : α  2, β  0, γ  1}.
Then Bn has a primitive divisor.
Proof. We proceed case by case. Note that it suffices to consider n square free (except to treat
powers of two, where we must consider n = 4). In light of the computations in the previous
section, it suffices to consider
n ∈ {3,4,6,10,14,15}.
Let n = 4. In this case B4 | 4B2. If x(P ) = a/b2, we have, by computing the relevant division
polynomials, that
ψ4
ψ2
= 2(a2 + N2b4)(a2 + 2aNb2 − N2b4)(a2 − 2aNb2 − N2b4) | 2αNβ
for some α, β . Setting X = a/(a,N) and Y = Nb2/(a,N) we have, as above,
(
X2 + Y 2)(X2 + 2XY − Y 2)(X2 − 2XY − Y 2)= ±2β
for β ∈ {0,3}. It is simple enough to enumerate the solutions to X2 + Y 2  8, and we see that
there are no non-trivial ones. (Note that trivial solutions here are ones with XY = 0 or X = ±Y .
These correspond to torsion points.) Or we see that the second two terms must be equal, whence
4XY = 0.
Let n = 3. Let x(P ) = a/b2 = a/B1 with (a, b) = 1, so that
B3 = B1
(
3a4 − 6a2N2b4 − b8)2/g
with g | 2iNj . As we have seen above, this implies
3X4 − 6X2Y 2 − Y 4 = ±2α3ε,
where ε ∈ {0,1}, α ∈ {0,2}, X = a/k, and Y = Nb2/k, k as above. Using Pari, we see that the
only solutions to the above have XY = 0, or X = ±Y .
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Ψ6(X,Y ) = ψ6
ψ2ψ3
= (−3Y 4 + 6Y 2X2 + X4)F6(X,Y )F6(−X,Y) = ±2α3ε,
where
F6(X,Y ) = Y 4 − 4Y 3X − 6Y 2X2 − 4YX3 + X4
with α ∈ {0,6} and ε ∈ {0,1}. Note that for 3 to divide Ψ6(X,Y ), we must have 3 | X, and that
the value of the form is even if and only if X ≡ Y ≡ 1 (mod 2). The various cases all result in
F6(X,Y ) = F6(−X,Y), and so
8XY
(
X2 + Y 2)= 0.
There are only the trivial solutions.
Now let n = 10. Just as above,
Ψ10(X,Y ) = ψ10
ψ2ψ5
= ±2α5ε,
where ε ∈ {0,1}, α ∈ {0,18}, and
ψ10
ψ2ψ5
= (5Y 4 − 2Y 2X2 + X4)(Y 8 − 12Y 6X2 − 26Y 4X4 + 52X6Y 2 + X8)
× F10,1(X,Y )F10,1(−X,Y)F10,2(X,Y )F10,2(−X,Y),
where
F10,1(X,Y ) = Y 4 + 4Y 3X + 10Y 2X2 + 4YX3 + X4
and
F10,2(X,Y ) = Y 8 + 16Y 7X + 20Y 6X2
− 16Y 5X3 − 26Y 4X4 − 16Y 3X5 + 20X6Y 2 + 16YX7 + X8.
Note that the various cases always result in F10,1(X,Y ) = F10,1(−X,Y), whereupon
8XY
(
X2 + Y 2)= 0.
This has, of course, only the trivial solutions.
Consider n = 14. This yields the Thue equation
Ψ14(X,Y ) = ψ14
ψ2ψ7
= ±2α7ε
for ε ∈ {0,1} and α ∈ {0,36}, with
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ψ2ψ7
= (−7Y 24 + 308Y 22X2 + 2954X4Y 20 − 19 852X6Y 18 + 35 231X8Y 16
− 82 264X10Y 14 + 111 916X12Y 12 − 42 168X14Y 10 − 15 673X16Y 8
+ 14 756X18Y 6 − 1302X20Y 4 + 196X22Y 2 + X24)F14(X,Y )F14(−X,Y),
where
F14(X,Y ) = X24 + Y 24 − 116Y 22X2 + 2562X4Y 20 − 4004X6Y 18 + 29 423X8Y 16
− 64 488X10Y 14 + 60 956X12Y 12 − 64 488X14Y 10 + 29 423X16Y 8
− 4004X18Y 6 + 2562X20Y 4 − 116X22Y 2 + 16 776Y 7X17 + 2072X19Y 5
− 456X21Y 3 − 24Y 23X − 24X23Y − 55 792Y 15X9 + 29 232Y 13X11
+ 29 232Y 11X13 − 55 792Y 9X15 + 16 776Y 17X7 + 2072Y 19X5 − 456Y 21X3.
In all cases we have F14(X,Y ) = F14(−X,Y), and thus
F14(X,Y ) − F14(−X,Y) = 16YX
(
Y 2 + X2)(−3Y 4 + 6Y 2X2 + X4)
× (−Y 2 + 2YX + X2)(−Y 2 − 2YX + X2)(3X4 − 6Y 2X2 − Y 4)
× (Y 8 + 20Y 6X2 − 26Y 4X4 + 20X6Y 2 + X8)
= 0.
As the factors above are all irreducible, we see that there are only the trivial solutions.
Finally, we treat n = 15. In this case, one again sees that the division polynomial factors, and
comparing the two factors shows that there are no non-trivial solutions. 
Lemma 7. Let N be square free, P ∈ EN(Q) be a point of infinite order, and B = B(EN,P ).
Then for all m, B5m has a primitive divisor.
Proof. Factoring ψ5, one sees through elementary calculus that
log |B5m| = log
∣∣b50ψ5(a/b2)2/g∣∣ 9h(a/b2)− 9 logN − 2 log 5 − logg,
where
g = gcd(b50φ5(a/b2), b50ψ5(a/b2)2)
and x(mP ) = a/b2. Comparing powers of various primes in the above (and considering resul-
tants) shows that g | 212N25, whence
log |B5m| 9hˆ(mP ) − 43 logN − 14.6597
using the bounds on the difference between naïve and canonical height given in [2]. Under
the assumption that B5m has no primitive divisor, the above and (9) of [5] combine to yield
n = 5m  33. All such n are considered in Lemma 6 except for n = 30 which is dealt with by
Theorem 2.2 of [5]. 
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Although there are examples of elliptic divisibility sequences over congruent number curves
in which the second term has no primitive divisor, we may, in certain cases, restrict Z(B(E,P ))
further. Combining the lemma below with Theorem 1 yields the best possible Zsigmondy
bound for the appropriate family of elliptic divisibility sequence (for if P is an integral point,
Z(B(E,P )) 1).
Lemma 8. Suppose p > 5 is prime, P ∈ Ep(Q),
Ep: y
2 = x3 − p2x,
and B = B(Ep,P ). Then for all n, B2n has a prime divisor which does not divide Bn.
Proof. Suppose not, and let x(nP ) = a/b2 (so that Bn = b2). If B2n is divisible only by primes
which divide b, we have from the above that 4ab2(a2 − p2b4) | 23p4s, where s is a product
of (powers of) primes dividing b. Thus a(a2 − p2b4) | 2p4s2, for s2 also a product of primes
dividing b. Note that if l | b is a prime, l cannot divide a(a2 − p2b4) as (a, b) = 1, so we have
a(a2 −p2b4) | 2p4 (with the left-hand side even only if b is not). Now, if p is a divisor of a, then
(
a
p
)((
a
p
)2
− b4
) ∣∣∣∣ 2p,
while otherwise
a
(
a2 − p2b4) | 2.
The second case yields three possibilities:
1 − p2b2 = ±1,
1 − p2b4 = ±2,
4 − p2b4 = ±1,
which one can check admit no solution. Considering the first case similarly, one sees that this
condition ensures that p = 3,5. 
Remark. Similar results can be shown for curves of the form y2 = x3 ±pα and y2 = x3 ±pβx,
where α  6 and β  4.
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